The uniqueness of commutative rings of classical Weyl group invariant differential operators is discussed. We show this uniqueness for trigonometric or elliptic potential cases under some order conditions. For rational potential cases, counter examples are constructed.
Ochiai, Oshima and Sekiguchi obtained. In this note, we shall investigate what kind of differential operator P commutes with H. Note that we do not assume P to be PF-invariant nor to have constant symbol (see §2 (C3)). The arguments and conclusions differ with the potential functions. In §4, we treat the periodic (i.e. trigonometric or elliptic) potential cases and in §5 the rational potential cases.
The main result for the periodic cases is the following (Theorem 4.4):
Theorem 0.1. Let (W, 2) be a pair of a classical Weyl group and the corresponding root system. Let // = l/22?=i3i + Saez+^a(<tf, #>) (u a 
(t) = Uwa(t)) be a Laplacian, where all u a (t}'s are non-constant periodic functions in the classification of Theorem 2.1. Suppose that P is a holomorphic differential operator which is defined on a connected open subset of the domain where H is defined, and commutes with H. Assume that the order of P is at most n (resp. 2ri) for the A n -\ or D n (resp. B n ) cases. Then P has analytic continuation to the whole domain where H is defined and is contained in the commutative ring constructed by Ochiai, Oshima and Sekiguchi.
Since P is not assumed to be 1/F-invariant, this is a stronger version of the uniqueness theorem of such commutative rings ( [OS, Theorem 3.2] ). Moreover, as a corollary of this theorem, if Pi and Pi are differential operators satisfying the above conditions and [H, Pi] = [H, P2\=Q, then [Pi, P 2 
]=Q.
The author expects that, under weaker order assumptions, any differential operator P which commutes with H is contained in the commutative ring of Ochiai-Oshima-Sekiguchi. For details, see Remark 4.3.
In the rational potential cases, the situation is a little different from these periodic cases. As an example, we shall construct all the differential operators which commute with fl'=l/227=i3 2 /3Si + 2i^,-<y^»{Ci(^-^)" 2 +C2} (An-itype Laplacian) and of order at most 2. Moreover, using these operators, we prove that, if n>3, then there is no commutative ring satisfying (C1)-(C5) in §2 other than those which Oshima and Sekiguchi constructed in [OS] . The result is as follows (Proposition 5.1 and Theorem 5. For a multi-index £=(/>i, -, pn)<^Zl Q , we put 3£ = 3& -3& and |/>|: = 2?=i/n.
Let P be a differential operator on some open subset of C n . We decompose P into P=S*=oP*, where A = 2i/»i=*0/>(*)3£ We define P* = 12\p\= k ap(x)£ p (?=(fi, •••, <?«)), and call it the A-rA symbol of P. Especially, we call P m the principal symbol of P. For f , we define 3| z , 3£ <flf, <f > and <(3f, 9^> analogously to those of x.
For differentiable 2n-variable functions f(x, <f) and ^(^:, f), the Poisson bracket { , } is defined by In this section, we review the results in [OS] and [OOS] . Let C be a commutative ring of differential operators satisfying the following conditions : w . When W is a classical Weyl group, Ochiai, Oshima and Sekiguchi determined the potential function R(x) and constructed higher order generators of C in [OS] and [OOS] .
Theorem 2.1 ( [OOS 9 Theorem l]). R(x) can be expressed as 2 ) with primitive half-periods coi and 0)2 which allowed to be infinity, and £3 is a complex number satisfying P /2 =4(P -ei)(P -€2)^ -£3) (see [WW] ).
Note that P(f|oo, oo) = r 2 , and PC/I-/ 11 !^, oo)= s inh §3. Basic Results
In this note, as we mentioned in the introduction, we investigate what kind of differential operator P commutes with #"=l/22?=i3x< + 2aez+«ff(<ff, %>). Here, (1) u a (t} = u wa (t} for a^Jl and w^W, (2) u a (t)'s are given by the classification in Theorem 2.1.
Suppose that P is an m-ih order holomorphic differential operator which commutes with H, and is defined on a connected open subset of the domain where H is defined. Then, by Remark 1.1,
For notational convenience, put <2): = 2?=i£x-9*< and <£: = 2?=idjc<d$,. We define yi, "', yn by
The following lemma is elementary. The w-th order term of [H, P] = 0 is equivalent to (3.7) S Pn-2 = -i-go&Jf P ra -y23iQ ffl -i
We integrate the third term in the right hand side of (3.7). Since 3) P m 0, By (3.4), we have , gy2
Here, U a (t) is a primitive function of u a (t). Then, we have proved the following proposition.
Proposition 3.3, P m -2 can be expressed as : 
Assume that P(x, f ) satisfies at least one of the following conditions : (4.7) The degree of P(x, $) with respect to <? is ( <n (( W, 2) is An-i or D n -type\ \<2n ((W, 2) is Bn-type).

Then, P(x, f) is W-invariant with respect to <f, Le. P(x, a(g)) = P(x, £) for any
Proof. First, if ( W, 2) is A n -\ or ^w-type and deg f P(x, £}<n, P(x, f ) satisfies (4.8) modulo the ^-invariant term Si'-'Sn. In the case of fi w -type, pi =0 or pi>2 for each i since lim< eii ^>->o<^z, di>P(x, f )=lim*,-.o d^P(x 9 f) = 0. It follows that, if deg? P(AT, <f)^2», P(#, <f) satisfies (4.8) modulo the FFinvariant term <fi " m £n. Anyway, to prove the 1/F-invariance, (4.7) reduces to (4. 8).
Step 1. @3-invariance. First, we prove this proposition for the case w=3. We denote P(x, <f) by p(x, &= P To prove ©s-invariance, we apply Proposition 4. 1 for a=d -e,. The coefficient of ft 1 -1^-1 in lim^ftCSft-S^PU, f)=0 is (4.9)
We shall prove
Ck-i,o,i(x) = Ck-i,i,o(x)
by induction on i. For z = l, 2, this follows from (4.9) with 1 = 1, 2. Next, the first equality of (4.9) with / = *is^l
:::::i Co,p,z-p(^) z:=: c z --j p,^,o(^) for l<p<i -1 by the hypothesis of induction. Anyway, (4.10) holds for i. Then, P(#, «f) is ©s-invariant with respect to £.
Step 2. P(x, f ) is even for B 3 , Ds cases. We apply Proposition 4.1 for a-d + ej and prove P(x, <f) is even with respect to <f. For this, we prove that Co,i,k-i(x) = Q if i is odd by induction on i.
The coefficient of £i~l£h~l in lim^-^(^i + 3^)PU, f) = 0 is
Equations (4.9) and (4.11) with / = ! imply CO,I,*-I(A:) = O. The first equality of (4.11) with l = 2i + l is
P=0
Here, we used the @ 3 -invariance. ,2i+i-p,p(x) = Q for l<p<i by the hypothesis of induction, since p or 2/ + 1 -^? is odd. Then Co,2z+i^-2 Z --i(^) = 0. By ©s-invariance, step 2 is proved.
Step 3. n>3 cases.
For <7^@ w , let 6p=(p0(i), •", Pff(nr) . Let (7^ be the interchange of i and j. satisfies lim$,-.$X9^-9^)0 = 0 for l<z<y<3 but is not ©s-invariant. But, in this periodic case, we can show the following statement by direct computation : "If P is defined on a open subset of C 3 , commutes with H, and ord P<4, it is ©s-invariant and is contained in the commutative ring of Ochiai-Oshima-Sekiguchi." Then the author expects that we can weaken the order assumptions.
(2) On the other hand, when the parameters of potential functions are special, it is known that there exist higher order differential operators which commute with H but are not 1/F-invariant ( [VSC] ).
At last, we come to explain the main theorem of this section. This is the uniqueness theorem of commutative rings with periodic potentials. Ochiai, Oshima and Sekiguchi. Proof. If tf(P) satisfies (4.7), <?(P) is constant with respect to x and IF-invariant with respect to £ by Corollary 3.2.(3) and Proposition 4.2. As a consequence of Ochiai, Oshima and Sekiguchi, we know that there exists an operator P' which commutes with H and has the same principal symbol as P. The order of P-P r is lower than P, and P-P' commutes with H. Since P satisfies the assumption (4.7), P -P' also. By the explicit formulae of higher order operators ([OOS, Theorem 2]), we know that P r is defined on the domain where H is defined. Then this theorem is proved inductively. D §5. Rational Potential Cases
Theorem 4A Let (W, 2) be a pair of a classical Weyl group and the corresponding root system. Let H = \/2^1 1 i=idl i + l>la<=z+Ua((a, #>) (u a (t) = Uwa(t)) be a Laplacian, where all u a (tjs are non-constant periodic functions in the classification of Theorem 2.1. Suppose that P is a holomorphic differential operator which is defined on a connected open subset of the domain where H is defined, and commutes with H. Assume that principal symbol a(P) of P satisfies the condition (4.7). Then P has analytic continuation to the whole domain where H is defined and is contained in the commutative ring constructed by
In the rational potential case, the situation is a little more complicated than the periodic cases.
In the first half of this section, all the operators with order at most 2 are constucted, which commute with
In the latter half of this section, using these operators, we investigate whether there exist commutative rings which satisfy (C1)-(C5) in §2 but different from what Oshima and Sekiguchi constructed in [OS] . Note that their commutative ring is generated by = 2*3*,,
where w(f) = Cir 2 +C 2 . We use notation in § §3, 4, and assume that Ci=£0, Suppose that P=^^=oPk commutes with H. Then P m satisfies (4.2). Since Qm-2 is a polynomial with respect to x but U a (t) has a pole at £ = 0, we have As we mentioned at the beginning of this section, we shall find all the operators P with order at most 2. We express P as (5.5) P=20S&+ 2 0S9*A,+ 20{Ac < +flo.
Here, £2, <^ii, fli' and <2o are holomorphic functions on {^eC 72 i |%|<r}n(C Moreover, all the commutative rings satisfying (C1)-(C5) in §2 are constructed in [OO] and [OS] .
